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Abstract

In this paper, we will explore some properties of the characteristic polynomial of an matrix in
M, (C). Moreover, we will introduce the Jordan Decomposition Theorem, and discuss some of its
most important consequences.
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2 The Characteristic Polynomial
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Thm. Let A be a square n x n matrix and let f(A) be a polynomial. If the characteristic
polynomial of A has a factorization

Pa(A) = (A =A)A=Az) - (A= An)
then the characteristic polynomial of the matrix f(A) is given by

Pray(A) = A= F)A = f(A2))--- (A= F(An))
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Jordan Decomposition Theorem

Every square complex matrix A is similar to a block diagonal matrix

Ji
J2
J =
Jp
where each block J; is a square matrix of the form
A1
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1
Ai

and each \; is an eigenvalue of A. Hence, there exists an invertible matrix P such that
P~'AP = J is such that the only non-zero entries of J are on the diagonal and the super-
diagonal. J is called the Jordan normal form of A, and each J; is called a Jordan block

of A.
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3 Consequences of the Jordan Normal Form

3.1 Characteristic Polynomial
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3.2 Cayley-Hamilton Theorem

Cayley-Hamilton Theorem& 19]9] B A € M, (C)9 1 EATHFA pacl thoked pa(A) = 0,,0]
Attth= W82 A eloln, Jordan normal formof| Al 2134 A Q1 A4S Folf oA A B 5 L
A9] ot 53k A9 tid SEEE myet 61, AQ] Jordan block Jii= FHIZHA O] A7t Q1 my x my
Ao B R (J; — Ailm,)™ = O, xm,; ©1TF ESH A ZH2}F9] diagonal block(Jordan block)2 A2
AEFS FA govg (A— N\I,)™ 9 iHA] diagonal block2 (J; — A\ilm,)™ = O, xm, ©ITF =,

(2

o] wo] ZHo] ghzwglct.

3.3 Matrix Functions

£ Hojol o AL AT £(2)F 2ok, o] U
M, (C)E M,(C)Z mj3g5}= matrix function© 2 A5t A& IR7F0 7 71x]+= n x n Jordan block

J& oiIs ohew 2.



—~

—

~
I |
— N
Tt
T Il
g g S
~< < < =
—~ N S~
2 || ~
L L
SN—
o I ]
| |
g g
=< =< oo
NN
SAaNg —
~——
—
|
o8 oo
\I/\A
e~
~—

\AO o o
e —
I

IS
N |
— <
- <
~<
|
I
£
~

47} B 10]3 L] 2|

H)el

A

AolehA.

R e DR R
O

=
s

3f] superdiagonal(

SH
B Ee WY T M= N

el OO

e OO

e OO

el OO

nilpotentlo] 2 e A QLIL, B olrk NF = 04y 0]th. Tt of

N&

34
o}

) )\n—T‘N’I‘

n
r

(

min(n,k—1)
>

0

=

s
{

122 r=me

S

ol

=7)

1 (-
0 (otherwise)

[N"]ij

] B 2}

Ll

o N° = I, 7} 22 A

Z[N]ip[Nm}pj

p=1

= [N X Nm}w

[Nm+1]ij

st oo]

QT o

5

w|ojo} e}
al
1[N]ip[Nm]pj94 %I O*q/\]

=
=

=
nn

Ell.
p=i+l=353—m

k

E=ER v

S

73"?_ [N]zp = 10]—?—3 ] -
ZHo] &
g}, =
e

(G—i=m+1)

(otherwise)

t

[Nm+1]ij



g 5 Sk
N )
L
0 0 A"
Saed SpenN S e ak
0 Zn C”An Zn Cn (T)Ani e Zn Cn (kﬁ2) A" *
0 0 0 Sacn()Ant
0 0 0 n Cn A"
FICO I A CY N N FE 0T
0! 1! 2! (F—1)!
0 I o FE7D0)
0! 1! (k—2)!
B
L O 0 0 o
o] matrix function®] #2192 spectral radius’} H342] 49 HHA HT ZHe
} 2= olth
Tt

References

[1] Steven Roman (1992). Advanced linear algebra (2 ed.). Springer. p. 137. ISBN 3540978372.

[2] Horn, Roger A.; Johnson, Charles R. (2013). Matrix Analysis (2nd ed.). Cambridge University
Press. pp. 108-109, Section 2.4.2. ISBN 978-0-521-54823-6.

[3] Beauregard, Raymond A.; Fraleigh, John B. (1973), A First Course In Linear Algebra: with Op-
tional Introduction to Groups, Rings, and Fields, Boston: Houghton Mifflin Co., ISBN 0-395-14017-

X, pp- 310-316.

[4] Cullen, Charles G. (1966), Matrices and Linear Transformations, Reading: Addison-Wesley, LCCN

66021267, p. 114.



	Matrix Polynomials
	The Characteristic Polynomial
	Consequences of the Jordan Normal Form
	Characteristic Polynomial
	Cayley-Hamilton Theorem
	Matrix Functions


