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(1) ZfHst

sin(—#0)=—sin® cos(—0)=cosb
sin(7+60)=—sinf cos(mr+60)=—cosh
sin(m—60) = sind cos(mr—0)=—cosh
sin(%-ﬁ- 0)— cost cos(%+ 9)2— sinf
s . LN

Sm(2 9) cost 005(2 0) sinf
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sm(;w—l—@):—cosﬂ cos(§ﬂ+0)= sinf
sin(%w—& =—cosb cos(%w—&):— sinf

(2) 2782
sin (e % ) = sinacosf £ cosasinf
cos(a®B)=cosacosB F sinasinf

tana *tanf

— 1+ # 0
17 tanatand (1 ¥ tanatanf = 0)

tan(a+3) =

(3) Wiz Al

sin2a = 2sinacosa

cos2a = cos’a—sin‘a = 2cos’a—1=1—2sin’a
2tana

tan2a = ———— (1—tan’a = 0)
1—tan‘«o

. _ . .3

sinda = 3sina —4sin’«
_ 3

cos3a =4cos"a— 3cosw

3 _ 3
tan3a = otana —tan a (1—3tan’a = 0)

1— 3tan’o
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2 _ l+cosa
cos’5 5
tan2 L= 1—cosa
M9 T+ cosa
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)
g
(\)
(@)
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tan (r—60) =— tanb
tan %4- 0)2— cotf
tan T_ 9)2 cotf
2
3
tan 571’-1‘ 0)2— cotl
3
tan Ew— 9): cotf
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{sin(a+B)+sin(a—B)}

o=

sinacosf =

—_

cosasinf= —{sin(a+3)—sinla—3)}

— b

cosacosfB= 5{cos(a+ﬁ)+ cos(a—p)}

sinasinf =— %{cos(avLﬁ)— cosla—p)}

A+ B A—RB
cosd+cosB=2cos 5 COs

. A+B . A-B
cosd —cosB=—2sin 5 sin—

(7) AF7T

a

DOI‘

1ao] 2

asinf+bcosd= Va2 +6 sin(@+a)= vVa>+b* cos(0—3)

tan0+1=sec’0
cot’d+1=csc’d



(10) A4 ¢4 AHPhasor)
’ sinf + V3 cos 0 = 2sin(0 + ¢)
VB eogf [,
25in(0+m+g):2cos(9+o)
E = - sin 3
sin(f — g) = —cosf
- 2%9 U WIS sinF. yE YO WAL cosHOR MAstel WA YAt
B2 EHTI
- Zto] g F4¢ HdAE dole AAlE A SRAAIYF o2 3]st
- SRPE BRSHE AL ASE 1 ARl oz ma
- N2 OB £ QRS ety ok 7 ggAbt Bdshe Azaae g4 2
b, ¢l APEIOIAL sind+ v/3 cosd = 2sin(0+ )0l ¢ = g-olct.
- sind $AHE AAYFeR T ok ARAAIY sin(o— ]l o)t —cosFolnz
. T
sm(@—; =—cosfo|C}.
- sing csc®, cos2 sec® HHEH csc? secoll tigh Zi¥gto] 7hssh siAlA2]ot g
2 MASHR| Bt &, csch+ V3 secld =2csc(0+ ¢)= APsHA] et}
tan(d + g) = —cotf = tan(d — g)
’ tan @ !
- tan2t —cot 4 ALY Zol zyFH Al 1IAEHTZ o] &5t =A|FE o Tt o]
9 F77}k nolBE AAYFOR Ml AL FoI AL Srvtopd Tz 2o




(11) A7 ante] 28
- AR GARRE ARG (1), (2), (5), (6) (7)) BASS 25 59 sbssich oo of
gFoAl= (2)°F (5)9] A WA A9 FF& AASH s=tt
sin(f + «) = cosasin @ + sin acos
sin a cos 6
| cos asin @ !
T8 22 dYolA sin(@+a)e sinfFOA Aol 19 YA e o 3]HsH A
olc. webx YARtel AN sin, cosEOl 247 24le] We Uw 9He Aoz
st £ 240 we FHoe she £ ALY Lolk 77 cosa, sinadlth 5 A8
sin(@+a) YAAHEI)E sinF G cosH A2 F AAHE)R2 2ol &~ u
0]59] Zol= 22t cosa, sina®lB2, sin(f+a)= cosasind+ sinacosd?t g Hstct.
sin(a + 3) i Mveg
; 5 S
¢ 8 ! 2sin a cos 3 3 E
sin(a — 3) i o
aat ol 71E7e] adl 94 BHOIA sinlatB). sinla—B)E o7t 191 sina% §4
AP} 22 5, - pRtE @A Zlolch mebd oS WY Hebd YA sina% o2 2
017} 2cosBQU HAAO] B2 sin(a+ 3)+ sin(a— 3) = 2sinacosBolil SHo] ¥rEct



@ /f(a:)deF(x)—i—C%_] o, ff(ax—&-b)dx:%F(ax-i-b)-i-C’

1
®/ax—|—bd$— Inlaz+b|+ C

f'( ) . _

(14) vtoloj#EebA X|gH (Weierstrass Substitution)

- ooy Eata A|Be AR fu] AEE fejAlo) Ay

tan——=1

2 1—1¢

sinz = 5, COST = 5 tanz =
t +t

(15) 248 X|& (Euler's Substitution)
- e xgk2 {2 oL T4 RO disto] g Z2
Holot.
/R(x, \/ax2+bx+c)dx

[1] Al 15 Y2 x|gt
a>0% o,

\/am2+bm+c:ix\/g+t,

B c—t*
+2tvVa—b

o2 uHEE AEhY
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(2] A 2% 2L A&

c>0% o,
Var® +br+c=axt+ \/E
_ +2tVe—b
a—t
o Zro] X|ghstct.
[3] Al 3% ¥z x|gt
WEA ar® +br+e=00] F A2 o, 45 71 O,

\/a12+bm+c: alz—a)lz—p)=(z—a)t,

_ af— at?
a—t*

2. fadx: ar+ C (aER)

w

./x"dxz 1 2"+ 0 (—1#nER)
n+1

4. /ldmilnle—C
X

5. /e’dwz e"+C

6. /awdxz ¢ ¢ 0<a=1)
Ina

7. /lnxdxz zlnz—z+ C

8. /Sinxdmz— cosz+ C

9. /cosxdxz sinx + C
10. /tanxdl: Inlsecx|+ C
11. /cscxdmz Inlescr —cotz |+ C

12. /secxdxz Inlsecx+tanz|+ C



13. /cotxda:: Inlsinz |+ C
14. /sec2xdx: tanx + C'

15. /CSCQ:cde— cotz+ C
16. fsecxtanxdxz secx+ C

17. /cscx cotzdr=—cscx+ C

r+ta
z+b

+C

1 1
18. /(era)(erb)dmi b—aln
19. f;dx: Sin71(£)+0
\/a2*x2 a

20. ‘/;dx:1n|x+ Vol td® |+ ¢

\/m2ia2
1 1 _
21. / 5 dez—tan 1(2)—5-0
x°+a a a
22. /Sin_ldx:wsin_lir \/1—x2+0

23. /cosflxdxzxcosflx— Vi—z22+C

_ _ 1
24. /tan Y2dr= rtan legln(1+x2)+0

gx) _ g(@
f(w) (ar—al)(x—aQ

flz)

(z—a;)

(17) slivjAtol = ¥ (R34 &5H)
)
)

(19) 4249 AgAlEe 245+ 54 (Reduction Formula)

- n—1

. n_ o, sin" ‘xzcosz  n—1 o

sin"zdr=— sin” 2xdz
n n

n—1 .
cos T sinx n—1 _
fcos"xd:cz + /cosn 2rdx
n n

n _ tan717 1x n—2
tan xdr= ﬁ_ tan rdx

+
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25, 29, 43, 65, 68, 69, 79, 83, 85, 86, 90, 103, 104, 105, 106, 108, 109, 111, 143, 144, 146, 151, 153, 159
161, 164, 165, 166, 168, 169, 173, 174, 175, 176, 178, 179, 180, 182, 183, 184, 185, 191, 193, 194, 196, 197, 199

[1~200] g FAES ASHAlL.

2 —2r+1

2. /cos2%da:
) f?l'_ld:c
. /tanxdx

. 2
5. /smxcos rdx

/secQa?da:

3
T /3x+2dx

8. /x\/x2+1dm

2
T 3x— 10
/x—2d$+ P dx

dx

—_

w

>

>

©

10. /cscx (sinz + cotz )dx

11. /22'”dx
2z

12. /ez 4d:c
e’ —2

13. fsin?wc cosdxdzx

14. /sinx cos3xzdx
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J
J
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35.

36.

37.

38.

/

cos'zdx

sin®z cos’zdx
sin’z sec’zdz
sin‘z cos'zdx
sin’z cos’zdz
sin®z cos’zdx
sin’z cos'zdz

.4 2
sin'z cos zdx

\/1—4x2dm

1
x2\/x2+4

1

/cosQa: cosbzdx

/ sin‘zdz

dzr

(z+1)V2?+22+2

224 2r—2

° —dx

1
4

dx

x —1

1
zlnx

/tan?xdm

dzx

dzx

/sinx cos2xzdx

dx

/(x2+2x+2)5(x+1)dx
/(12—1) ° — 3z dx

/ (1+ sinz)*coszdz
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40.

/

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

o1.

52.

53.

54.

55.

56

57

58

59.

J
J

J
/

/
/

. /xS\/xQ—Fadx

-/
¥
J

z —
e —e

Vo+1

2
e’ +e’

e“ln(e”+1)

xr

dx

e"+e *

rz—1 da

1

J

1 dx

Inx

——dx
z(lnz+1)°

= dx
e’ +1
e (e +12) dr
(e +3)

Vat+1

1
1+ tanz &

1

sin2x — sinx

7@_1)3 dx
(22— a)(2? — 1)

dx

/(2+3x)\/1+2xda:

dzx

(a=b)
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61.

62.

63.

64.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

e

78.

79.

80.

81.

/ 1
sinx
/ 1—3cos’z

dx

1

sinx

1+ sinz

/\/1+\/;dx

dx

dzx

-+ 3 dz

[Ver i

x—x—2

f 3
22—t tr—1

/7

/a:(:2+bx+c

1
+1
1

dx

1

dx

[t
xt+aort+1

1
f 3+ 5cosz dr

1

4sinz + 3cosz

/\/a—:p dr (a>0)
/\/a_’_x dr (a>0)

/ sin‘zdx
/ sin®zdx

N S
\/5—433—:62

dx

dzx

/27‘“
4dx” +4x+2

(v

—4ac¢<0,a>0)
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82. dxr

/ 1
Vil —2z+2
)
X
4x
84. f—dx
(x—l)Z(ac—i—l)
20 —z+4

85. ————dx
;E(a:2+4)

$6. [ —F—da
162" —1
2
" +1
87 /(az—l)(a:—2)(a:—3)dx
o [t
x”+ 3z — 10z
89. /\/$2+1d$
90. /de
\/l—eh
1
91. \/4(156
J:(1+x2)
1
92. /jdx
562\/.’)32+1
1
93. /—dw
:(:\/1—9172
1
01. [——L——ir (0, p=R)
Vie—a)lz—p5)

3cos‘z—sin"T
72% — 1322 — 24z + 24
i o3 2 r
T 3x 102" + 24x

[
\/;-i- </£3
1
98. /*d
x2\/2x—x2 !
1
99. /7(1
x-l-\/ 2

" —1

96.

97.

T

dxr

1
100. / ——
(z—1)2V3+ 22—z
101. / z 1 dz
2\/x —a: +1

109. / x+81
33 —|—9

_‘|2_



107.

108.

109.

110.

111.

112.

113.

114.

115.

116.

117.

118.

119.

120.

121.

122.

123.

124.

125.

. f Vi V=7 ds

r—2
/\/x—l dr
2_
f \/CL’ : 25 e
T
/ .sinxcosard‘ e
sin z+tcos
1
sin“zcos‘x

/ (1 +1952)2 da

6 4
ftan rsec xdr

4 4
ftan rsec xdr
/tanx sec’rdx

.

/tan‘)x sec'zdz

f:r sec’zdz

/xsin(x+2)dag

/4Sin2x cos2z cosdzdx

/ 2z +3)e"dx

fxlnxdx
/xQe";dx
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126.

127.

128.

129.

130.

131.

132.

133.

134.

135.

136.

137.

138.

139.

140.

141.

142.

143.

144.

145.

146.

147.

148.

/x2lnxd;v
/xcosxdm
R
fe""'sinxdac
/elcosxdx
/el'sin2:cd:c

/x”’lnxdm (nEeZ)
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149.

150.

151.

152.

153

154.

155.

156.

157.

158.

160.

161

162.

163

164.

166.

167.

168

169.

170.

T lnx

x+
/(x2+1)(x1)3d

2
T

1

f(x—f—l)\/

22 +z+1

tan x
. /ﬁdae
1+

3zt =323 — 2 — 172 —2

dx

(x*3)(x2 + 1)2

22+ 2x
3—2d
2¢° +3x" — 2x

—1
T

1
. —d
/x— \/1—x2 !

2
fx2+3dx
" —1

) /1362f"c053xd‘r

dx

5+

202 —x+4

2° +dx

/x4—2x2+4x+1

4x

dx

1
'/(x—i—l)(ac?—i—l)dx

2 _ _
/a: 32:6 2dx
' —1

./\/ﬁda) (a>0)

dzx

/ 1
2 - 2 2 2
a“sin“z+bcos’z

1

/ sin(z—a

)sin(xz—b)

dx
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171.

172.

173.

174.

—
N
ot

176.

177.

178.

179.

180.

181.

182.

183.

184.

185.

186.

187.

188.

189.

190.

191.

192.

2
/:E sec’z tanxdx

/e_xsin22:cdac
/\/tanxdx
thanxdac

\/4—372

41’2 9
5 +tan“2x |dx
z°+9

/

J

1

1+z)2+2)*(3+z) de

V sinx

tanz + tan’z

Vsinz + v cosx

3 dx
1+tan’z

1

cos2xz+3 du

fertanx(l —2sec’z)dx

f\/tanx+1dx

/
J

fcosQ(tarf1(sin(cot71$)))d$

Je

J
J

/Sin2022x .

Vcos2x

/
J

-1
tan @

\/tanw—i- 2dx

x\/a:2+1 e

secx —tanx
\/sm T — sinx

sec CU

J-

dzx

(secz+ tanx)s/

2
sec ¥

de

(secx+ tanx)g/

; dxr
sinx

1

x\/x2+4m—4

1

dx

2

dx

x\/—x2+x+2

dzx

-1
tan

T

- 202
sin®""zdx

. / (M-f— cotz[ln (sinx)])dl’

x)dx (

o, expr =e")
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2
193. / I
\/—a:2+3a7—2
.3
194. f sin”(0/2)
cos(6/2) - \/00339+c0520+c059

4
195. /L@de
1—tan"0

do

2
196. / ] dz
x +3x"+3x"—3x+1
197. / i S
(x+1)\/m3+x2+x

e (2—2%)

199. f( tan_r )dx
1+ (@+1/z)tan '

1 / 1
.| —————dz= e
200 / " dr TG )@t @rm) e (m NuU {0})
[TG+i)
i=0
[l ]
1. t= Yz, dv=3%dt
22— 2r+1 3 6 3 3 & 6 - 3 =
B _ _ QL1 P o _ 2 3 _ 9.3 9 3
\F = dr= /Stt 2t3 +1)dt= 11t 5 +2t+0 T = +2x +C

o , _ [1tcosz_ 1 1 .
2. /cos 2dx / 5 2x+251nm+0

w

z—1 _L z—1
/2 dz= ln22 +C

e~

/tanxdazz / Cscl)nx dr=Inl|secz|+ C

. 1 ;
5. /smx cos’zdr=— gcossx+ C

B2

fsechda,: tanx + C

3 _
7. /3I+2dx—ln|3x+2|+0

_‘|7_



8. t= \/x2+1, tdt = xdx

3
2

/x\/x2+1dx= /tzdxz lt‘q’—|-C= l(JUQ-&-l)

3 3 +C

2 _
9. / L dr+ dezf(x+5)dx:ix2+5x+c
—9 -2 2

x

10. /cscx(sinx—l—cotm)dax:f(1+cscxcotx)dx=x—cscx+0

2z _ 1 2x
11. /2 dx 721n22 +C

2 __
1zt/ew ;dw=/¥ﬁ+2Mf=f+Qx+C
o

. 1 . . 1 1
13. fsme cosdxdx= 5/(51n7x— sinz )dx= 5 COST ﬁcos7x+ C

1 1 1
14. /Sinx cosdxdr= Ef(sinélx— sin2x )dz= ZCOSQCL'_ gcos4$+ C

1 1 1
15. /COSQJ: cosbxdr= Ef(COSSx-&- cosdx )dr= gsin4x+ Esin&r—f— C

16. /sin4xdx: if(lfcos%)?dx: %/(1*200523:4-%)%

3 1 1 3 1 . 1 .
= /(8 9 cos2x + 3 cos4z)dﬂc— 8x 1 sin2z + 39 sindzx+ C

+
17. fcos4xdx= %/(1+cos2m)2da:= %f(l—chost—i— %)dm

_ (3,1 1 I TR SN
—/(8+ 5 cos2z + 3 cos4:c)dx— 8x+ 1 sin2x + 32 sindz + C

.6 3 . 6 .2 . 6 .8
18. fsm rcos xdr= /sm z(l—sin’z)cosxdr= fsm xcosxdm—/sm T cosxdr

1 1 g
=7Sin xfgsin"x+0
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iy inz (1 — cos’ .
19. /s1n3xsec2xdx: / sinz QCOS x)dx: /(tanwsecx—smx)daz: secr tcosz+ C
cos’x

.4 4 _L/ - 4 _i/ _ 2
20. /sm xcos xdr= 16.) sin 2xdr= ol (1—cosdx )*dx

_L/ 3 1 _ 3 1 . R S
= %1 (2 2cosdx + 2COS8$)d$— 1283: 128 sindx + 1024 sin8x+ C

.92 5 -2 .2 2
21. /Sm rcos xdr= /sm z(1—sin’z)’coszdx

. . .6 1 . 2 .5 1 . -
= /51n2xcosxdx—2/sm4xcoszdx+ /smbxcowd:cz 7sm7x— 5 sin x+§s1nsx+ c

.3 5 . 3 NEIRY)
22. /Sll’l zcos’zdr= /sm z(1—sin’z)’coszdx
_ .3 . 5 .7 1 . 1 . 1 .y
= /sm xcosxdx—Z/sm rcosxdx+ /sm zcoszdr= = sin®z— = sin’z + —sin'z + C

8 3 4

. 1 . 1 . .
23. /s1n2x cos’zdr= Z‘/sm22x cos’zdr= E/(smi’)ersmw)Qd:c

dxr

1 1— 1— 2
( cosbx + SOLLLE cosdx + cos2z

T 2 2

_L/( 1 _ _ 1 )_L LSNPS ST S
=16 1+2cos2x cosdx 2cosﬁscdaﬁ— 16$+64sm2x 64sm4x 19251n6x+0

. 1 . . 1
24. /S1n4xcos2xda:: Z/s1n22x sin‘zdz= 1—6/(cos3x—cosx)2dx

1 / 1+cosbr | 1+cos2z B
T ( 9 + 5 cos2x — cosdx |dx
1 /( 1 1 ) 1 1 . 1 . 1 .
e — 1—— — i = oy — R — J——
16 5 cos2x —cosdxr + 5 cosbx |dx 1633 61 sin2x 64 sindx + 192 sinbx + C'

25. x = asint, dx = acostdt

_ 2 2 2
f Va — 2 de= a2/cosztdt= %f(H cos2t)dt= %(H— % sin2t)+ C= % sin” !

T 1
a)ﬁx
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f\/1—4x2da:=%sinfl(Qaﬁ)—F%x\/l—éM?-&-C

26. x = 2tant, dzr = 2sec’tdt

t 1 1 “+4
/ I —/ S :Z/csctcottdt:*zcscﬂr C\/ii+
\/x +4 4tan’t x

27. z+1=tant, dz = sec’tdt

1 B sec’t f _ _

Vel +2r+2-1

r+1

22 +2r—2 / 1 3 _ 1
28 f 2° — 4z dr= (29€+ 4(z—2) 4@x+2) dz

=In

e

1 3 1
—21n|x|+41n|x 2| 4ln|z+2|+6’

PR
29. /x4_1das— 2/

30. /(:c2+233+ 2)% (z+1)dx=

-1
x+1

_ 1 R
dﬂc—4ln ’ 2tan z+C

2—1 22+1

1
12(x +22+2)°4+C

o | w

2(x —32) 4+ C

31. /(xZ—l) 2° — 3z dr= 9

1
32. /(1 + sinz)*coszdr= 5(1 +sinz)* + C

. 1 . . 1 1
33. /smx cos2xdr= 5/(511139:— sinz )dz= 5 COsT — i cosdz+ C

34. /e—wdx:2\/e”+l+0
Ve +1
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35. /ﬂd:p: n@2+z+1)+C

224 r+1
r+1 2 20 +1 2 1

36-/ d=/( - de==Inlz—1l—=In@*+z+1)+ C
S 3(—1) 3@ +z+1) T3 nle=1l 3 nlz”+z+1)

37. /tan2xdaz= %ln|sec2:c|+ C

38. / 1 dr=1In|lnz|+ C
T lnx

39. /idazz In(e*+e )+ C
e’ +e *

40. t=+1+2x, t? =1+2x, tdt=dx

f(2 +32)V1+ 2z de= /t(2t+ %t(ﬁ - 1))dt= f(%ﬁ + é1&4)dt: B pileyo

2 10 6

5 3
:i(1+2x)2 2

1
0 + =(1+22)

5 +C

3
+%(x+1)2 +C

NI

Ve+1-— #)dxz—él(x—i—l)

' Vo+1 Vr+i

42. t=1—2°, dt =—2zdx

o1 L 3 L
P —t?)dt=—1t> +ét2 +C0=—01-2%)" +%(1—x2)

3
yr o

3
T 1 1—1¢ 1
f4/1_x2 v 2 N 2

1 1 1 _
43. /72de /seczx . 5 dr= —=tan 1(tan_x )—i— C
1+cos™z tan“z + 2 V2 V2

1 1 1 1 1
44. /Idzf( - )d:_ + Lo
2z +1) T (2z+1)°* (z+1)° T Qe 1) 8(2z+1)?

_2']_



1 1—cos’
46. sol 1) /76135:/%dez/(csczx—cscxcotx)dm: cscx —cotz+ C
I+ cosx sin“x

1 _/ 1 _i/ 22 g &
sol 2) /1+cosxdx_ 2£dx—2 sec 2d$—tan2+0

2cos B

47. /dez— 1—224C

\/1—372

48. fe, _1dx=/( 2 1)dm=2ln(ez+1)x+0
T4 1

T
€ €

2x
49. / 21 da:/(l— = )dxa:—lln(e”+1)+0
e +1 e +1 2

50. /%dmZ/(i— ‘1 )da:Z/(el'—l-l- ’e )dmZIn(e"”—i—l)—x—e‘”-i-C’
e +e” e’ e"+1 e’ +1

51. t=¢e"+1, dt=¢e"dx

/Mdaz: /ln—tdt: e+ o= 2+ 1))+ o
e’ +1 t 2 2

52. t=¢e"+3, dt=¢"dx

[t e [ 2= mlel+ 24 o= mler 43l 2+ 0
(e.L+3) t t €l+3

1
53. t=Inx+1, dt= ;da:

Inz /tfl 1 1
—————dr= t= + =+ C= 1]+ ——
/x(lnx_l_l)?dx 7 d Inlt[+ 4+ C=Inlnz+ 1|+ ==+ C

z! 6 4 1
54. /7dx:/ z+ 3+ + + dx
(z—1)° =1 (z—1) (z—1)°
1, 4 1
=—z*+3x+6ln|le—1|— - +
2 z—1 2(95*1)2
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r—b

= - +

2(a2—b2){1n x+a‘ n +b‘} ¢
56. t=a’+a, dt=2zdx

- 1 1 3 1 1 5 1 3

fo\/x2+adx== Ef(t—a)ﬂdtz 5/(752 —at?)dt= gt2 —gat2 + C

1 > 3
Zg(x2+a)2*§a(x2+a)2+0

57. t=~/z, dv=4t3dt

5 9 B
t34i1dt:f(4t2_ t34j—1)dt: %ts_%ln|t3+1|+ c=§{/:73—§1n| Vit +1l+

/\/>+1

. / _/ cosx x:/(l—k cosz —sinz |,
1+tanx cosz +sinz 2 2(cosz+sinz)

1 1 .
:5x+51n|cosx+s1nm|+0

1 1 —sinx
59. ‘/%d :/ - d :/ d
sin2x — sinw * sinz (2cosz —1) o (cos’z—1)(2cosz—1) v

. 1 1 4
7f( Smx){2(cosx—1)+6(cosx+1) 3(2cosx—1)}d$

1 1 2
=51n|cosx—1|+Eln|cosx+1|—§ln|2cosx—1|+C

1 2r—
60. f —dx= /cscxdx: / csc T cscarcoty dx=1nl|cscz— cotz|+ C
sine cscx — cotx

1 1 1
61. /—Qd:c: /seczx - —— ——dx= — ln‘ tan® — \F +C
1—3cos"x tan“z — 2 2\/2 tanx-l-\f

. 2
62. / sinz /wd&v:/(tanxsecx*tanr‘)x)d:czsecx*tanx+x+C
1+smx cos’z
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63. t=1++Vx, 2=0t—1) de=2(t—1)dt

5 3

/\/1+\/xda: Q/tflx/_dt—Q/ dt—%tQ*%ﬁ—l—C’

4 - =
:g(lJr\/x) —5(1+\/;) +C
64 t:x+\/m2+3 m=t2_3 dx t2+3dt

' ’ 2t 242

I | 3 1
/\/az+\/x2+3dx:§/(t2*3t Ndt= =12 -3t 2+ C

3 1

3 (z+ V22 +3)? =3+ V22 +3) 2+C

65. /%dxzb/‘ rt2 dx— / dx
\/5*41”*&02 V5— 4 — 2 \/32 x+2

= \/5—dz— 22— 2sin " ! ITH)-‘FC

3_ .
66. /—337 233 2 dx—/(l 1 + 22$ de=z—Inlz—1|+nE@*+1)+C
'z tx—1 x—1 2241

1 -
67. / ;—dr=tan 'z+C
z°+1

68 f _ 1 / 1 do— 2 tan”~ ! 2ax+b Ty
. ax +bx+c b ) n 4ac—b* Vdac—b? Vdac—b*
2Cl 4@2

69 /%d:p:/ T - tan](2x+1)+0
Pzt 1 3 V3 V3

1 2
70. t—tan— dt = —sec —dx dr = 2cos’ —dt— ———dt
2 41

_24_



tan——2
an——
1 _/ 1 1 |t=2 1 2
/3+5cosxdm_ 4—t2dt_ 4ln t+2‘+c 4ln T ¢
tan—+2
2
T1ot=tanl, dt =~ sec?Ldr, dr=2cos>Ldi = ——di
. any . 5 sec o dx, dr=2cos™ eI
X
tan——3
.;dx:/;dt:—lln t=3 +C’:—lln#
4sinz + 3cosz — 324+ 8t+3 5 1 5 z 1
t+§ tan5+§

72. x =asint, dx =acost

fmdxz %fsecztdtz ?tant-i— C= ﬁﬁ- C
73. z =atant, dr=asec’tdt
/ﬁdwz %fcostdtz %sint-&- Cc= ﬁ—!— C
74. /Sin2$d$: /mdzz lQL’—lsinQac—i—C
2 2 4
75. sol 1) fsin?’xda:: Mdmz—%cosxﬁ-%cosi&x—i— C

sol 2) fsinsxdxz /(l—coszz)sinzdxz /sinxd:ﬁ—/coszxsinxdm

1 ‘
=—cosz+ gcossxﬁ- C

76. /tan2xda:: /(sechfl)dxz tanx —x+ C

77. /tanSxdw: /tanx(secQI—l)dx: /tanx seczdr— /tanwda?

1
=5tan2x—ln|secx|+0
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78. /sechdaﬁ: secxtanx—/secxtaandx: secxtanx—/secx(seCQw—l)dI
5 1 1
=secxtancr+ | secxdr— [ sec’zdr= 53ecxtanx+ 5ln |secr+tanz|+ C

79. /%dwz %dzzltan_l(Qx—Fl)—FC
4z + 4z +2 (2z+1)*+1 2

80. /;dx:ln|m+\/a:2+l|+6’
Vil +1

81. /;dx=ln|x+\/x2*4|+0
\/x2—4
1 1 —
82. /——d :/—7d —nlz—1+ Va2 —22+2]|+cC
Vil —2z+2 ! Viz—1)7+1 e o

83. x = 3sint, dr = 3costdt

A/Q— 12 2

/972236[3:: /cotgtdt:* cott—t+ C=— Msin](£)+0

T x 3

4z 1 2 1 x—1 2

84. /—d:cz /( + — )dxz In ‘— +C

(x—1)7*(z+1) z—1 (z—1)? =z+1 z+1| z—1
85. 20 —utd _x+4d$—/(l+ 3;2—1 )dﬂc:1r1|317|+lln(a?“"l)ltan1 £)4-0

z(z®+4) A ] 2 2 2
1 1 27— 1 1

86. f— do= )d =—1n ‘——tan "z)+C

16z —1 2 A2 —1 42’ +1 8 2z +1 4

dx

87. /(x—1)(9;2j21)(a;—3)dx:f(xi1 5:2+ 9:3

=lnlz—1|-5Inlz—2|+5lnlz—3|+ C
z+4 _/ x+4 _f(_l_ 1 3
55 /J; + 32° —1033 (z+5)( )dx o 35($+5)+ 7(x—2) de

9 1 3
= 51n|:zt| 351n|x+5|+71n|x 2|1+ C
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89. z =tant, dz = sec’tdt

1 1
/\/mZ-I-ldx: /sec3tdt= Esecttant-&-Eln|sect+tant|+C (- 78)

Z%x\/a:2+1+%ln|x+ Val+1l+ o

90. /e—?dm: Sinil(em)“v‘ C
\/l—e o

91. t=22, dt=2xdx

1 1
f (1+22) f2tt+1 di= 7/(7_t+1)dt o

92. z =tant, dx = sec’tdt

/2
/%dx: /; - sec’tdt= fcottcsctdt:* csct+ 027357—#14_ C

z? \/x2 +1 tan’tsect T

93. /x\/l—x dm—/ mdx—f_—ldt:51 iﬁii e
M'/QJG?$E:ETMZ/Q¢xa;ﬂ}(a;)Qm

=In

= =G|+ o

_|_
95. f%da::fsec%- 1 s dr = 11n‘ tanz + V'3 +C
3cos‘z—sin‘w 3—tan"x 2\/3 tanx — \/§

720 —132% — 242 + 24 72° — 1322 — 242 + 24

96. o
' —32° — 1022 + 242 r(z—2)(x+3)(z—4)

dx

1 1 2
:f(—+—+ +i)dx:1n|a:—2|+1n|x|+21n|x+3|+31n|x—4|+(J
r—2 =z z+3 z—4
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97. t= x, dt=

1

——dx

4</x3

/‘;dx:/ 1 4t3dt—4/—dt— f 1——dt—4t—41 lt+ 1|+ C
Va+ Vb £+t t+1 !

=4v/z—4mn|Ve+1l+cC

98. sol 1) tzi, dtz—%dx
€T x
[:f 2\/1 de:/ 12 dx:_/ \/2;,‘71 _ /2t;t17+1
xr°V2x—=x 333\/_1
X
3
— Lo, 5__ — V2u—-10+1)
/(\/225 +\/t7)dt 6(2t 1) Vot—1+C=— 3 +C

_ .2
_ \/23: T (a:+1)+0

32

) t 1 t
sol 2) sint=x—1, costdt=dz, u=tan5, du=5se025dt

1

1= f / —————————— costdt
2\/290790 \/17 r—1)? (sint+1)%*cost

:/ 1 dt:/(u2+1)2 ) _ 2(u*+1) +1
(sint+1)° (u+1)* 2+1 (u+1)*

N 1 2 2 |\, __ 2 2 4
_2f((u+1)2 (u+1)3+(u+1)4)d W1 wt1)? sap €

B 2(3u2+3u+2)+027 V2r—a’ (z+1)
3(u+1)’ 32°

. 1— 2z — 22
¥ y= | ——F——
1+ V22— 22

99. x = sect, dr =tantsectdt

+C
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1 1 1
fid:r: f(x — 22 —1 )dz= —zr— f z?—1de= —2*— [ tan’tsectdt
c+ Va'—1 2

2

1 1 )
= —xQ—/sect(secgt—l)dtZ —xQ—fsecstaitvL fsectdt

2 2
1, 1 1 ..
=5 *EsecttanH-51n|sect+tant|+C (= [1])

1 1 1
:5x2—5(£\/(£2—1+5h’1|$+ \/x2—1 |—|—C
[1] : /sec?’tdtz /sect - sec’tdt= secttant*/secttant - tantdt
:secttant—/sect(secQt—l)dt: Secttant+ln|sect+tant|—/sethdt

1 1
= Esecttant-k 51n|sect+tant|+ C

100. 2sint=z—1, 2costdt =dx

f l—dac:/ 1 dw:f+ - 2costdt
(x—1)2\/3+2:c—:£2 (z—1)*Va—(z—1)° 4sin”t + 2cost

A | _ V3+2w—a?
—4/csctdt— 4cott+0— 1—2) +C

1 1
101. t=a’+—5—1, dt=2(x—3)da:
T T

2
+—2—1 .13+—2—
T T

4 _ 4 _ 3
/ z —1 do— / - —1 dr— /%dxz l/;dt: Vit+ o
xZ\/a?4—x2+1 xS\/xZ 1 1 2 Vi

1 2?1
= \/x2+2—1+C’=H+C’
€T X

102. t=22, dt=2zdzx

4
z* 481 /t+81 1/(1 18 ) 1 9 9
730 t= = | |-— ———|dt= = Inlt|+ ——+ C=Inlz|+
/ z(2®+9)? 2J t(t+9) 2 t (t+9)? 2 t+9 2249
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— 242 z—4 2
103. / dx/( +
2 —1 3(z>+z+1) 3@—1)

1 21 +1 3/ 1
== | = da— —dxt+ =
6J 22+z+1 2J 224241 3

2r+1—9 2
dw/( + dx
6(x2+z+1) 3(@—1)

2¢+1

V3

%ln|x2+x+1|—\/3tanl( )+%1n|x—1|+0

dr, t=2sinf, dt =2c0s0df, sinf= Va

1
2@ ’ ’ ’ 2
- 2 _
/ \/4I$ dr= /7\/415 L o= 2/ Va—t2di= 2/4c0529d9: 4/(1+cos29)d9= 40 + 4sinfcosf + C

104. t=+z, dt=

)+ C= 4sin”~ 1(%

g (e |y e Vi
i[5

> 5 )+ Veld—z)+C

3
105. t=x2, dtz%\/Edaz

3

2 1 2 _ 2 -1 3
/ de:—/tdt:—sin Y+ C0=Z5sin 2+ C
1—;133 3 \/1_t2 3 3

— 1
106. t= vz, dt= dr, t=sinu, dt= udu
\/ 2\/; sin cos

/\/;\/1—xdx= ft\/l—t2 - 2tdt= 2/t2\/1—t2dt= 2/sin2ucosu - cosudu= é/sinQQudu

4/ 1— cosdu)du= %u—%sm4u+ C’—%(t\/l—tZ(Qtz—1)+sin_lt>+C

= L (Ve VT2 @e—1)+sin Vo) +C

dt = ————dx, a::—2, t=u’, dt = 2udu

107. t=2—
p—

Vit U u?
/\/xl a (i)zdt:/W-QuduZQ/Wdu
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1 1 1 1 _ 1 2u 1—u

- 2/( u+1+(u+1)2+u—1+(u—1)2)du 2( u2_1+1n 1+u )+C
1 2[ \/t‘) Ve—1—+Vz—2 ‘

== Ll o= V- —2+—1 +C
2( ‘ \/ v \/a: n \/ —1+\/a:—

108. x = bsect, dzr = dtantsectdt

f Va?—25 Stant
5 dr= |
X

1 [ . 1
-~ - btant sectdt= —f51n2tdt= —f(l—cos%)dt
125sec’t 5 10

1 1 1 1(33) \/x2—25
= —t— ——sin2t+ C=— e

0! 30 8in C= 10 %¢¢ |3 o C
109. t=tanz, dt = sec’zdx

. 2
1 _

f ,SZHKTCOS:Z dr= tanxseix —f dt——tan "(#*)+ C= —tan” '(tan’z)+ C

sin‘x+cos'x l+tan'zx 2

110. /%d‘rz /CSCQI secizdr= 4/csc22zdx=—2cot2x+0
SIn TCOS ¥

111. z = tant, dz = sec’tdt

1 1 9 9 1 1 1 .
————dx= / - sec’tdt= fcos tdt= —/(1+c052t)dt= —t+ —sin2t+ C
/ (1+2%) seclt 2 2 4

: )+0
- +1

1 _
= 5(tan Lo+
112. ftan% seczdr= /tanﬁx(tan2x+1)sec2xd9&= ftanga: sec’zdr+ /tan% sec’zdx
1 ¢ 1
= gtan)aH- 7tan7x +C

113. /tan4x sec'zdr= /tan4x(tan2x+1)sec2mdx: /tanGx sec’zdr+ /tan4x sec’zdx

1 7 1 5
= — + = +
7tanac 5tanx C
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1 =
114. /tanxsec5xda?= ftanz seczsec’zdr= gsec"x-F C

115. t=secx, dt=tanxsecxdz

ftan zsec xdr= /tanazsec z(sec’z—1) ft ) dt= /(t10—2t8+t6)dt
:i—QLJr + C= €L 130—2 erl v+ C
T 9 7 17 sec g sec 7 sec

116. /xsec2xdw:xtanx—/tanxdmthanx+ln|secx|+ C
117. fxsin(x+2)dx:*xcos(x+2)+/cos(z+2)dx:*xcos(x+2)+sin(x+2)+C

118. /m(x?—x)dx:/{mxﬂn(x—1)}dx:xlnx—x+(x—1)1n(x—1)—:c+0

=zlnz+(@—1nlz—1)—2z+C

1i
119. /EISiHQ%dxz /ez(ﬂ) *e —*/6 cosxdr= *( —sinz—cosz)+ C

2
120. f 20+ 7 . :/
\/x +6x—7

—nlzt3+ Vit t6a—7|+2Vait6z—7+C

1 2 +6
5 5 + 5 dx
Ve+3)?2—42  Val+er+7

20—1 7/‘ 5 3 7£ B i
2 /:c I (4(9:—3)+ 4(x+1))dm7 pnle=3l+ phleril+c
122. /4Sin2$C052x0054$d$: /2sin4xcos4xdm=/sinSxde*%c058x+(J
123. f(2x+3)€mdxz (217+3)6't*2/e”"dx: (2r+1)e"+C

124. fa:lnxdxzx(mlnm—x)—/(xlnx—x )dz ( /lnxda: zlnz—z+ C)

=2’ lnz — 2° + %xZ — /x Inzdxr= ixQ lhz—1)+C
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125. /xQezdaj: xle” — /Qxexdm: z2e” — 2xe” + 2/ezdx: e“ (2?2 —22+2)+ C
126. /x21nxdx= %xglnx* /%xS . %d:ﬂz lxs’lnx* l/xde: lxg Blnz—1)+C

3 3 9

127. fa:cosxdx:xsin:c*/sinxdx:xsinx+cosa:+0

128. f(lnx)de:x(lnx)Q—/ 21;“ . xdmZx(lnx)2—2flnxdx:x{(lnx)Q—aner?}JrC’
129. fexsinxdxz ezsinx—fezcosxdxz ew(sinx—cosx)—/exsinxdx
1 .,
=3¢ (sinz —cosz)+ C
130. fercosxdmz exsinx—/ezsinxdxz ez(sinx-#cosa?)—fercosxdx
1 ., .
=5e (sinz+cosz)+ C
131. /e sin“zdr= Efe (1—cos2z)dz= 56 —ge (stx—I—;cost)—i— C

*(5—2sin2z — cos2z)+ C

= 10°
132. @ n=—1 /:E"lnxd:v: x”“lnx—L 2" dx
' ’ n+1 n+1
ZLx'ﬁllnx—;x'ﬁlﬁ-C’ZLH{(H-i-l)lnx—l}—i—C
n+1 (n+1)? (n+1)*
_ Inz , 1 2
@ n=—1, def E(hl:v) +C

133. flnxdexlnx—er C

134. /1n(x+1)da;= (z+Dn(z+1)—z+C
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/(1— c )dxx—ln(leeI)JrC
1+e”

+a’+
136. /x ! x—/(%+%)dx=llnlx2+1l—l+c
(2% +1) +1 oz 2 r

137. /(x2 +1)e"da= e” + x%e” — /erldzz (22 +1)e” — 2ze® + Q/el'd:c

=e"(a®—22+3)+ C

— 1
138. t=+z+1, dt=——dx
v 2vz+1
1 2 1 1 t—1 Vz+1-1
Sy [N P e PR K cax st
/m/m 21 1 1+t t+1 N Vrri+1

1

139. t= z, dt= dz
v e
3 _ . — —
/x‘/_ L 7/2 ! -2tdt:2/(t2+t+1)dt:3t3+t2+2t+0: 2 eVit+z+2Va+C
x—\/x t°— 3 3
2x
1+ ——
2
140. /ln(x+ Vi +1)dz=z1n(z+ x2+1)*/x Al S
e+ Val+1

de=zln(z+ Vil +1)— Va2 +1+C

=zln(z+ \/m)—f\/f

" +1

141. f(xz—%)(x—l)dxz/(x?’—m—i-ﬁ-%
x T T x

1

2V

_ 14 1 5 _ 1
d:r—4x 290 Inl|z| 2x2+0

142. t=/x, dt= dx

/sin \/Ed(t: Q/tsintdtz— 2tcost+2/costdt= 2sint — 2t cost+ C'= 2sin \/;—Q\ECOS \/;+ C

2
143. /ln(x2+1)dx=xln(a:2+1)f/ zildx:mln(x2+1)/(2 2 )dx
T

22 +1
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=z{ln@2+1)—2}+2tan 'z + C

144. t=22, dt = 2zdzx

f —2v dr=— /\/—dt —sin %+ C=—sin '@+ C

\/l—x 1—¢2
145. t= /x, dt= LN
2V

/e‘/;d:c=2/tetdt= 2tet*2/etdt= 2! (t—1)+ C=2¢Y" (Va—1)+C

146. z = asint, dxr = acostdt

2

2 . 2 2
t
asint acostdt= aQ/sithdtZ %/(1—c052t)dt= @

4

2
/7x dr= /
va?— z? acost

147. x = asint, dxr = acostdt

acost

1 1 1
——dz= /,—dtz —fcsctdtz —Inlcsct—cott|+ C
/ v a? — 22 asint *+ acost a a | |

a— \/a — 2

+C

*ln
a

. ) 1
148. t=¢€", dt=e"dr, u= Vit+1, du= ——dt
2v/t+1

Vit1-1

‘-l—C'—ln

/¥daj=/ 1 f du—ln
V14 e® tvt+1 u? —

e"+1—-1
e"+1+1

In +C

149. t=2z?, dt =2zdx, t=tanu, dt=sec’udu= (1+¢*)du

_35_
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(2t —sin2t)+ C

e



1 1 1 -
fm Qfﬁ :5/5ecudu=51n|tanu+secu|+C:§1n|t+q/t +1|+C’

Z%ln|x2+ Vet +1 ]+ ¢

1
150. t=Inx, dt:§dx, t = sinw, dt= cosudu

— —sin’
/ m / V1 /COS udu:fﬂduZ/(cscu—sinu)du

rlnz sinu sinu

1— v1—(Inz)*

+v1—(lnz)*+C
Inz

1—t*4+ C=1In

_ _ 42
1\/75116’4_\/

=Inlcscu—cotul+cosu+ C= ln‘

151. / rt2 dasZ/
(22 +1)(z—1)3

3—zx 1 1 3
4(302+1)jL 4z—1) (x—1)2+ 2(x—1)3 )dz

1 2 1/ 1 f 1 3/ 1
== dz+ = dz+ — de— | ————dae+ 2 | ———dz
8 221171 1J -1 (=1 2J (z—1)°

1 5 3 1 3
=l + 1]+ Ztan e+ — ln|o:—1|+ — +C
8 4 r—1 4(x—1)°

152. x+%= @tant, dxr = @secztdt

/ 1 2/ sect :2/—1 dt
(z4+1) \/x +x+1 \/_tant+1 \/gsint-i—cost

T
—fsec(t 3>dt— In Sec( 3)+tan t—g)‘-ﬁ-C
: _ _ 2
| Sint= ﬁcost+2‘+czln c—l+2yaltatl |
V3 sint+ cost V3(z+1)

153. z = tant, dz = sec’tdt= (1+z*)dt

-1
/mnigjdxz /tdt— 124 0=L(tan 2+ 0
1+ 2 2

154. x = 2sint, dx = 2costdt
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_ .2
f#dx: 4/%dt: /csc2tdt:— cott+ C=— 7\/4 1o
z? \/4—x2 4sin’t x

155. t =3z, dt = 3dzx

/3sec43xda:: /sec4tdt: /secQt(lthan?t)dt: /secQtdtJr /secQttanZ)tdt

1 1
= tant+ gtangtJr C=tan3z + gtan33x+ C

1 .
156. /cot3xdx= /cota:(cchx—l)da:Z—5cot2m—1n|smx|+ c

157. /CSC4IdI: fCSCQiL'(l“"COt?l‘)diE: /Csc2xdx—/cot21’ - (—csc’z)dx

1
=—cotz — 3 cot’z+ C

158. t =3z, dt = 3dzx

1 1 1 1 1
/tan23xdx= g/tan%dt: g/(seczt— 1)dt= —tant— —t+ C= —tan3z—z+ C

3 3 3

4 3 2
— —x°—17x— 2 2 4 —2 1
159. 3z°—3z°—uw Tx :f( r+3 T

(z—3)(z*+1)* 22+1 (22 +1)? xB)dx

_/ 2z
22 +1

dx+3/ 1 dx+2/%dx+f L e
- +1 (z*+1) x—3

N 1 2 -1
=In|z2+ 1|+ 3tan 1x+2(——tan L+ 2 =2 )+1n|x—3|+0

2 2(2%+1)

2
r—x—1

=l +1)(z—3)|+2tan 2+ 5+ C
- +1
_ +2
=In|@*+1)(x—3)|+2tan 'z — x2 +C
"+ 1
20—1 2 t—1 2 t—1
% z=tant, dz = sec’tdt, f%da::/mni4 . secitdt= tar172
(z*+1) sec't sec’t
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i . 1+ 2
- f(QSthOSt—COSQt)dtZ /(s1n2t—% dt

Losot— L Lot o=— ¢ T sk et WP
=7 S COS4l— SU— —~SIn =— <~ lan . <
2 2" 1 2 22 +1)

22 +2r—1 /( 1 1 1
160. /zx Py 10@+2)  5Ce=1) " 2z )%

_l/ 1 _ 1 l/l _ L - b 1
== 2x_1dx 10 x+2dm+2 xdm— 101r1|2:v 1] 101n|9c—|—2|—|—21n|x|—|—0

161. x = sint, dx = costdt

cost 1 f(cost+sint

1
L g sty 1 [
fx— V1= 22 sint — cost 2 sint — cost

1 . 1
—1|dt= —In|cost—sint|— =t+ C
2 2
1 1 . _
=Eln|vl—$2—$|—§sm L+ C

2’ +3 7/ 2 2 .
162. / da:— ( 1 x+1)dmfx+21n

. 1 . )
163. I= /1362"’cos3mdm= 7362"’c053x+%/1362‘”sin3xd1:

r—1
r+1

|+ e

e’* (2cos3x + 3sin3z) — Z/lSechos?)a:da:

2 2 (2

= Ee2 cog?m:—kﬂ{le2 51n3x*—/362”cos3xda:} T

1
= 43 *(2co0s3x + 3sin3z) — i[

S I= e (2c0s3z + 3sin3z) + C

164. /x —22: +4x+1dw /( 16;25x +m+1)da¢
2+ 4z 4(z*+4) 4z

:—— 237 dac+4/ dx+ /md:v—&-i/%dx
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), 1 o 1
)+2zz: +41n|x|+C’

-3/ T [

Z—%ln|x2+4|+2tan_1

da:-i— /ldx
T

202 —z+4 -1
165. l‘g—.ﬁ‘i‘dx: /('1:2
x° +4zx r+4 T

_1 2 _ 1 —1(£)
2ln|9€ +4] 5 tan | 3 +Inlz|+C

dx

166- /(x+1)tm2+1)d$:/(2(:152_f1)+ 2(:vl+1)

_ 1 2z / TN SR 1
2/:5 +1 / da:+2 a:+1 tan T 4ln|a: +1|+21n|x+1|+0

— 22— 22+ 1 1
167. / i d/(2$+ -
a2’ —1 ?+z+1 w1

168. = = asint, dr = acostdt

de=Tnlz*+z+1|-Inlz—1]+C

2

_ 2 2
/\/azfxgda;: a2/c052tdt: %f(l-kcos?t)dtz %(t+%sin2t)+ C= %sin_l %)ﬁ- %z -2+ C

169. t=tanz, sechdx =dt

/ L —/786(: L 2d:c—/—2 21 thzi?/il 5 dtzitanfl(gt)+0
a’sin’z + b’cos’x a’tan’z +b a*t* +b a b ab b

2
24—
a

fi -1 @
= tan (b tanx)Jr C

1 _ 1 sin{@—a)—(z—b)}
170. /sin(x—a)sin(x—b)dx_ sin(b—a)f sin(z —a)sin(z—b) dz

1 )f(sin(x—a)cos(x—b)—cos(z—a)sin(ﬂc—b))dm:

sin(b— sin(z —a)sin(z —b)

/(cot r—b)—cotlz—a))dx

sm

_ ln|Sin(x—b')|—ln|sin(x—a)| e
sin(b—a)

1 1 1
171. /xsec rtanzdr= S rsec 2x— */sec rdr= Srsec r—— 5 tanx + C
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1

172. /efzsinQQxde %/eim(l—cosélx)dm:— %efz—— e “cosdxdr - [1]

2

1

=— Eeﬂ” — %{* efxcos4x*4/efzsin4xdac}=* lefw(lf cos4x)+2/efxsin4xdx

2

=— %e_‘” (1—cosdx)+ 2{— e_msin4a:+4/6_xcos4xdx}

== %ew(l—cos4x+4sin4a:)+S/efwcos4xdx - [2]
(1], [2]ollA

_ 1 _
fe Tecosdxdr=— —e~ “(cosdx — 4sindz )+ C

17
-z . 2 1 —x 1 —x 1 -z .
S e Usin“2zdr=— 56 ) e “cosdxdx= 3—46 (cosdx —4sindz —17)+ C
2 9 2t
173. sol 1) t“ =tanz, 2tdt=sec’zdx, dzr = t4+1dt

0 5 (1 + —;2 )+ (1 — —t12 )
f \/tanx dr= 1 dt= / dt= f dt=
t*+1 2y 1 1

2
7 Ty
1+~ - 1+ =
Ny Y S R S E——
(t——) +2 (H——) -2 (t——) +(V2)?
t t t
1 . t—l/t) 1 ’t+1/t—\/§
=—=t L+ ——1 +C
No ( V2 eV M V2
_ 1_tan_1(\/tan:v—\/cotx )+ 1_ln \/tanx+\/cotx—\/g
V2 V2 22 Vtanz + Vcotz + /2
1 _ 1( sinx — cosx ) 1 sinx + cosx — \/sin2x
= = tan —— |t —=1In +C
V2 Vsin2z 21/2 sinz + cosz + v/sin2z
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sol 2) [:/\/tanxdm, J:/\/cotxdx

]+J=/(\/—tanx+\/—cotx)dx= ﬂf S1nx+cosxd _ \/2/ \/ (sinz—cosz)’ o
1—

Vsin2z (sinz— cosz)?

= /2 sin '(sinz—cosz)+C, - [1]

1= [ (Ve Voo e= VB [ S oe0st gm g [ L teost
S

Vsin2z inz+cosz)*—1

= \/51I1 | (sinz+ cosz) + \/(SiH$+COSI)2 —1 |-l,- Cy, - [2]

- 1 _ 1 -
[1]+[2] : [Z/\/tanxdasz ﬂsin Y(sinz — cosz) — ﬁln|sinx+cosx+ \/Sin2x|+6’

174. f "\S/tan:v dx

3t?
1+1¢5

1] ¢ =tanz, z=tan '), da= dt

2] a=4t, da=2tdt, a=tan?*z

/i/tanxde/ 3¢’ dt - [1]
1+¢5

_E/ a

=5 gt B

3/( a+t1 )da:l/( 2a—1 3 S N P
a+1 3(@2—a+1) 2 206> —a+1) 2@—a+1) atl

1. d—a+tl V3 4 2 ( 1))
=—In tan a—— ||+ C
4 (a-l—l)2 2 \/§ 2
1 Py —tan?Pr+1 3 [ 2 1
Zzlntan x2/3tan :CQ +\/2 tan 1( (tan2/3x—2))+0
(tan??z+1) 3

175. /(%—i— cotx[ln(sinx)])d:vz /( \/496_ =+ \/43_ =+ Cs?jx lIn(sinz)]|dx



=— 4—2® +3sin !

42
176. f( —
z°+9

%)‘f‘ %[m (sinz))*+ C

+tan22x)da:=/(3— 236
z°+9

3 2

_ 1
+ secQQx)de 3z—12tan ' £)+ —tan2z+ C

1
e / +a)2ta)Bra)

17 1 5 1 1
_/(x+2 8(z+3) (m+2)2_4(x+3)2_2(x+3)3+8($+1))dx

_ 17 1 5 1 1

=2nlz+2l-Inlz+3[+ ——+ 4(x+3)+4($+3)2+ Inlz+1l+C
2 2 2t

178. cotx =1t", —csc’xdx = 2tdt, de =— L t

Vsinz 1 1 — 9t 2t
: doe= | ————da= [ —— - dt=— | ——————at
Vsinz + Vcosz 1+ Vcotz 1+t 1+¢ (1+t)1+t*)

t £ 1—¢2 1 )
=— + + - dt
/(1+t4 1+t 1+ 1+t

t # 1—¢ 2 1
:_f( Tt 1 "2 - )dt
1+¢t 1+¢ @+¢ ') —2 1+t

t 3 t+e by 1
:_/( s 1 ( 1 2) - )dt
1+¢ 1+t @+¢ ') —2 1+¢

1 1 1 +t 11— /2
=— —tan 1(t2)——1n|1+t4|—&- ‘t t \/

In = |+Inl1+tl+C
2 4 2V2 |+t 4 V2 ‘

cotx — \/2cotx +1
cotz+ v2cotz +1

2

1 _ 1 —
=— —tan 1(cotac)—Zln|1+cot2$|+ \/—1 ‘+ln|1+ \/cotx|+0

179. tanz =t, sec’zdz =dt, dt = it
/tanx+tan3x t+ ¢ dt_/ /t+1+t—1
1+ tan’z 1+£ 1+ 1+t 7= 41
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1/ t+1 1 [ 2—t+1—+# 1/ 1 1 1 1/ 3t2
= dt— = | ————dt=— | —————dt— = | ——dt+— dt
2J t+1)#—t+1) 2 41 2J 2 —t+1 2J t+1 6J #3+1

_ 1 —1 Qt_l _l l 3
——\/gtan (—\/5 ) 21n|t+1|+61n|t +1l+

1 _1(2tanx1) 1 1 3
= —=tan 7*—ln|tanx+1|+—ln|tanx+1|+0
V3 V3 2 6

180. t=tanx, dt = sec’zdz

1 1 1+ tan’ 1 2 1 1
/7@;:/—2@: %dazz —/Si;xdxz —f —dt
cos2x +3 1—tan T 2tanz +4 2J tanz+2 2J 42

1+ tan’z

tanz

V2

-1

0 _1( t ) o )
=— — = —= +C
2¢/2 tan V2 2ﬂtan

181. /ef"tanx(1*2sec2x)dx= fe”"tanxda:*/e"’ - 2tanz sec’zdz

= /e”tanxdax— ‘/ez - (sec’z) dx= {e””tanx—/e”sec%cdx}— {eIseCQx—/e”sec%da:}

=e" (tanz — sec’z)+ C

2 2 2
— sec’x (t"—1)+1
182. t= +/tanz+1, dt= —F/———do = ——dx
v 2+/tanz + 1 2t

— 2t* 2 1
tanx+1dx=/7dt= 2/7&: 2/7&
/\/ =1 +1 th—ot? +2 2, 2

vt 2

:/%dﬁ— /%dt
t t
L i+ 2]

-/ —v2/iPt2(v2-1) +f t+vV2/if—2(V2+1)

t+ V2 /t—v2(V2+1)
t+ V2 /t+V2(V2+1)

+C

71 tanl( i ﬁ/t )+ 1 In
V2(v/2-1) V2(vV2—-1) | 2v2(vV2+1)
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_ 1 tan]( tanz+1— V2 1 n tanz+1— V2(v2+1)(tanz +1) + V2 Lo
2(v2-1) \/Q(ﬁfl)(tanx+l) 2\/2(\/§+1) tanz+1+\/2(\/5+1)(tanx+1)+\/5
2 2 2
— sec’x (t"—2)"+1
183. t= T2, dt=—2828 =22 Ty
\/tanx 2\/tanx+2 x 2 T
- 242 2
1=/ tanz +2d =f7dt=2/7dt
Vianz : t*—2)*+1 ' — 41> +5
t2
o ____
B2+ Va+ 20 t+ V52— Va+ V20 t+ /5)
2/( At B Bt )dt
24+ Va+V20t+ V5 22— Va+V20t+45 )
A:—Bz—i\/él—k V20 (= 2+ /5).
st /%dt=l1n|t2+bt+c|*#tanfl SHED Ve de—1? > 00]2
2+bt+e 2 Viac— b Vie—b?
ojtf 4c—b>=4+5— (44 v/20)=2+/5—4>00]82
f - _ _dt=11n|t2+\/4+\/%t+¢§|—‘/4+7? V20 2 4t V20
24+ v4+ V20 t+ /5 2 Vo5 —4 V25 —4

dt=%1n|t2—\/4+ V20 t4+ /5 |+ +C

\/44“/%t _1(2t—\/4+ V20
NN V2v/5—4

¢
/ 2= Va+ V20 t+ V5

o|c}. e

I= 2A[l1n|t2+ VAa+ /20 t+ ¢5|—7”4+ﬂtan*1
2 V25 —4

2t+@)]
V254

I R Va+ V20  _i[2t—Va+ V20
2A[21n|t \/4+@t+\/§|+—\/mt3n( Nowa

oo

t= \/tanx—+2§ q/\] EH?J@]—():] @E/]é]‘ﬁ
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tanz +2+ V4+ v/20 Vianz +2+ V5
tanz +2— V4+ V20 Vianz +2+ /5

L - ¢3)Z/4+ V20 .

4 Va+ /20 {t 1(2vtanx+ —Va+ V20
| TV

+tan1(2\/tanx+2+ Va+ /20
V204

o

184. z = tant, dz = sec’tdt

-1
tan T t t 2 t _eott
- dz= /— . (— ) tdtz/—, ettt
T ) tant sect exp tant sec sint

=e . y(t)+ C2} 3HH

/ tan 'z exp
x\/x2+1

tescte” O = (7O L () = (tescit— cott)e” O - u(t) F e e L/ (1)
tescet = (tesc’t— cott)u(t) +u' (t)
tsint = (t— costsint)u(t) +u (¢t)sin’t

ol w(t)=sint7} 2°] =},

-1
e Lot L (1) + C=e T L gint+ C'= exp(— tan @ | T e
z Vita?
. -1 . X -1 1
185. = cott. sin(cot w)zsmt:iz, x = tanu, cos(tan x)zcosu:—2
1+x \/1+1:

[ costltan(sinlcot "e)da= [ (t(i

2
dx:/ 1+:c2 dzr
2+ «x

\/1+a:2
1 1 —1 T )
= 1—-——|de=2z— ——=tan +C
/( 2+x2) V2 V2
186. t = sinx, dt = coszdx, u—?, dt——ydu, w=+vV1—u, dwf—mdu

secr —tanwx 1—sinz (1—sinz)cosz
2—dx= - dx= 5 : dx
Vsin“z — sinx cosz Vsin“x — sinx (1—sin’xz) Vsin"z — sinz
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:f( . COS':CQ'dI:/(lth)i/t?—tdt:_‘/Wl)l\/mdu

1+ sinz) \/sm r— sinx

1 + 1 — 2
:2/ 5 dw= In wt V2 + C= In \/ﬂ—'—\/z‘-i—C
2—w \/ w— 2 V2 V1—cscr— V2
B o, ; 1 1 1 1
187. t=tanz, dt =sec’zdx, u=t+ V1+¢t", t=—|lu——|, dt=—=|1+—|du
2 u 2 u?

2
sec’x 1 1 s _ 1 _. 1 _
de/—— dtz—/u 52 4y qyu=— =y 32— 2" T4 0
/(secan-i—tan:v)‘:’/2 (t+ 1+ £)7? 2 ( Jdu 3" 7Y

1 4 1 _
=— g(secaﬂ-tanx) 3/2 7(secx+tanw) 2y o

188. t=secx+tanz, dt =secz(secz+tanz)dz

f secgq,= / secT secx+tanx)+Secx(secx—tanx)dx
(secx +tanz) 9/2 T2 (secac—Ftanx)g/2
/secx secx + tanx) dot L /secm secmftanx)dx
T2 (secx+tanz) 9/2 2 secm+tanx)9/2
fsecx secx +tanx) dot L /secx sechrtanx)dx
T2 (secz+tanz) 9/2 2 secx+tanx)13/2
1 _ 1 _
:5/15 9”dt+5ft 132 g4
_ Lo g 1 _q1p
7t 11 t +C
1 _ 1
=— 7(secx+tanx) 02 H(sec:ﬁ-tanfc) ney o
189. fsin2022x - sin®®zdr= /sin(2021m+x) - sin®zdx
= /sin2021x - cosz * sin’"zdz+ fc05202133 - sin?*'zdz
. 1 - 2021 2021 - 2021 / - 2021
= 2021z « ——— - . .
sin T 2021 sin” 2021 c0s2021z - sin“ “xdx+ [ cos2021lx - sin” " xdx
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= 2021 sin2021z « sin®**'zdz + C

1— 2
190. sol 1) cos2z = Ln;:’ t? =1—tan’z, 2tdt =— 2tanz sec’dx
l1+tan"z

f \/COSZx / \/l—tanx :/ t —1 dt:—f t*
sinx tanx tanz  tanzsec’z (1—¢*)(2—1*)
1 2 1. |1+¢ 1 2+t
:_/( 2——2)dt=——1n ‘—F — In v ‘-FC’
1—t2 2—t 2 |1t V2 V2t
_ 11 1+\/1—tan2x n 1 | \E‘F\/l—tan?x Lo
=——In — n —_—
2 1—\/1—tan2x \E \/5— \/1—tan2x
. in2
—sinz v cos2x + cosz * \/smi;
sol 2) u= coST , du= COSEL
v cos2zx cos2x
_ —sinzxcos2zx+coszsin2zr , sinx
= =<0 dr = —2E
(vcos2z) (Vcos2z)
/ \/c052x / COS22$d _/ cos2z cos2z
— 5 du= .

Slnl’ Sin T

_/ cos2x cos2x _/ 1
. 5 du= 5 5 du
cos’r—cos2z  2cosim— cos2z (w*—1)Q2u"—1)

1 2 1
= - du= —1n
(u2—1 2u2—1) 2

u—l’_ L V2u—1
ut1 V2 V2u-+1

o

1 cosz— Vcos2z 1 V2 cosz — v cos2z
=—In —_— In — [+
2 cosz+ Vcos2z V2 V2 cosz+ Vcos2z
T 1 2 +1
sol 3) t:tan?, dt = gsec *dz— 5 dr, uw=1t>, du=2tdt
y -1
y—u= Vil —6utl, u= 3y g (2@ A
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cos'z—cos’x+sin“z 2cos’r—cosz+sinz

dt

du



f\/m f\/cosw—s1nx /\/t—6t+1 /\/u —Gut1
sinx sinx £+t u?+u
/ y P —6y+1)°
T2 y—1)y—3)y+1)*+2y—17)
1/( 1 1 1 16 )
2 \y=1" =3 y+1 (yr17-3s/”
:llnly—1|+lln|y—3|—l1n|y+1|—¢5ln‘L\@H‘+
2 2 2 y+2v2+1
1 (y—1)(y ‘ ‘;,—2\/§+1‘
B L R T e e
2 y+1 V2 y+2v2+1
_ 2L 4T 2 L
(y = tan 2+\/tan 5 6tan 2+1)
o ———— 2 +4 —2t> +8t+8
A 1= oQly |3} 2 — 4= = == >"°
191. Al 15 U & Valtde—d=az+t, a o I e
4—92t 4—92t — 22+ 8t+8 1
- — . - =2 [ 5—at
w,/x +dr—4 44— +4t+4 (4—2t) t"+4
2
~ _ +4x—4—
= tan 1(1)4— C'= tan 1( Va d x)+0
2 2
e — — 1—2/2¢t _ 2V o2-2v2
A 2&2 AP X3 /- 2P = =
192. Al 25 90U AF : V-aPtzt2=at+ 2, z o T
f 1 dm:/ 41 241 C2y2¢ —2t—2\/_
YA ar—— 1-2v2t  — V2P +t+ 42 (t*+1)
1 / —2y2 1 —
= _ dt=——l2V2t—1|+C
/2\/2t+1 V2 J —2y2t+1 V2 v
1 2y —22%+ 20 +4—4
= — In \/ z L —1‘4’0
V2 z
-2t —1 2
193. A 3% oAz x| : \/ )(Jj—l) (x-?)t, Z‘:?, dx_(tQ—tl)th
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2 a2\ , ,

[ dm/( 2t 1). Y =S
V-a 4322 —*—1 t -1 @11)

4 4 1

:2/( - + )dt—St Y827
Pl (@417 (@) an
i — — - — — —
_Eta“_lt+w+0—£tan‘l(w e 1))— (e +9)vV=G-Dk=2)
4 482 +1) 4 w—9 i

¥ x = tant, dx—SeC tdt, I= ‘/‘de: \/\COSQtdt:%\/\(l"_COSZt)dt

L L Lo x
= —t+ —sin2t+ C= —tan =+ ——+C
24 2 2(1+22)

#¥ o =tant, do=sec’tdt, J:f%d@": /cos4tdt:l/(1+c052t)2dt
(z*+1) 4

L 1 1+ cosd
B Z/(1+2cos2t+ cos’2t)dt= Zf(1+2(:os2t+ ﬂ)dt

2
:l/(3+4 2t + cosdt)dt= 3 Yginat+ L oginar+ o= 32 3 *%+M+O
3 cos cos S 1 sin 35 sin 8 an S’ 11)
- . _t—1 14w o 2
194. t=cost, dt=—sin0d0, u o R A . dt (1_u)2du
/ sin” (6/2 / (1—cosf)sinf a0
cos(0/2) - \/cos39+00520+c050 T2 (14 cosh) \/cos36’+cos29+c050
/ t—1 dt
T2 t+1)VE+E2+t
1/ Va—u)? 2
= — u . . Qdu
2 Va+u)lP+0+u)0—w)+0+u)1—u)? (1—u)

1 2 1 _ 2+1 1 B 2+1
:/%du: —‘/‘—uidu:—sin 1(” )+ C:_Sin 1( t 2)—|—C
V3—2ut—u' 27 a—@P+1) 2 2 2 (t+1)
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1 1(COSQ9+1
2 (cosf+1)?

4
195. f tan'6 /7tan =L o+ /71 o
1—tan’0 1—tan’0 1—tan’6

2
7f(tan29+1)d0+/%d9:*fsec29d9+ /Mde
cos’0—sin"0 2co0s26

1
)+C *sm -1 Zsec4(%)—tan2(%)]+0

1 1 1 1
=—tanf + f(5 Sec20+5)d9=—tan0+Zln|sec29+tan20|+594— c

2
T

196. tzx—%, dt=(1+ 1)dx, e _ =

r"+1 r+a ! dx
I= 1 3 2 de= 2 B ~1 T
2t + 32+ 32" —3zx+1 (*+2)+3(z—2"H)+3 =

_/t +3L+5 _/( L \/_tan (\/141 (H%))JFC

2 . 2 ( 1 3))
=— —— |- =+ =]+ C.
Ji (¢11 Ty

cf) ¥l BALZ 2=0014 K0t T2t FAARZS & o= 2> 02
o] RFd4s A g2 dAslor gt ol ARdeE 44 O
& x=00°A] well-behavedsto 2 1 BAANZ = z=00A AHolt}. &

ojct. o]F o]&3std
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olg} stH,
2 2 (1 Vilz :
[——\/H {tan ! \/H(x —|—2))—|—tan 1(\/ x)—!—tan 1( B )}+C
2 [ V112 (22+3) 1( Vilz ,
B \/ﬁ[t 72— 61+ 4 ) *tan 2 e

ol ot /= Va=Ro| thaf Aolct,

dztita’)

197, t=Va+il+z ', dt=
2vVz+1+az !

f r—1 f r—1 dx
—dx: -
e rers ervariee @

_/ z—1 d(w+1+m_1):/ dz+1+2"") :2/ 1
(z+1) \/x+1+x ! r—z ! ($+2+SL’71)\/:}3+1+$71 1442
=%tan 't+ C=2tan 'Wa 1tz '+ C
11— (1—:0)\/1—3:2 I-z
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