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1 Continuity

1.1 Limit of Functions and Continuous Functions

oAl Exo] A%E4E AT AT AdolU7t F o AA e7ter
o
BHA

2 X, Y= metric space.
X =Y} HApeF qe Yo g5ty
lim f(z) =g
2h= A2 429 e > 00 tiste] § > 00] EA 5}
0<dx(z,p) <d=dy(f(z),q) <e (xr€Fk)
£ vkl Zo]ck. o]t ¢ limit of f as ¢ — p}iL T,
Remark. p7} 3 E to] 917 ¢fot= gujeh

Example. lim, , 2% = 49]& Z%51e] Gtk WA ¥4 6 > 09 Hfa] ko] A

o % gl

O<|z—2[<d=|2*—4|=|z+2|[z —2| < (4+6))



O<|z—2[<d=|2>—4| < (440 <5xe/b=¢

3H 0] F9hS sequence?] PO BT AHE 4 Ql5Urth

Theorem 1.2. 3t [ EC X Yt H pe E' g € Y| tjst o2 54|
(a) lim,, f(z) = ¢.
(b) Sequence (p,) in E7} p, # p,lim, p, = p= WZ5HH lim, f(p,.) = ¢

Proof. (=): pn # p,lim, p, = p?l sequence (p,) in B FET}t Y9 € > 00f tfste] § > 0
st. [dy(f(x),q) < eif x € E and 0 < dx(z,p) < §]Ql 65 2=t} 128]al n > NO|H 0 <

dx(pn,p) < 6%V N ZOW, n > Noj| tfsto] dy (f(pn),q) < eolth. TebA lim, f(p,) = ¢
(<): = Hol7] Yol 225 FASHAL. 129 for some € > 0, for any n € N there exists

some p, € E s.t. 0 < dx(pn,p) < 1/n but dy(f(pn),q) > €. 12 p, # p,pn — pAHl (f(pn))
2 ¢=2 FPokA] g=rth O

Corollary 1.3. 9] pol| A 2] limito] &A|6}H G5}t
Proof. Metric space©]| A limit2] A of 2]3f. .. O

X =V =R wf, g0 Fa9 5, ASH), B4, hedle] B A9E BT 2 AT

UrhEEe 4.

Definition 1.4. &=~ f: E C X — Y continuous at p € EF2t= 212 ¢9]9] € > 00 tjs}o
5 > 00] ZAY5tol

dx(z,p) <6 = dy(f(z), f(p)) <e (v €E)

gl Zlolt}. f7F E9o] RE HoA dd&o|H fE continuous on Eo|th

Limito] oje} v o 5ul the-2 A&UTHelZe] 15

E

awoflA] ALe] AodU ).
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Proposition 1.5. p € EN E’of] 45} f is continuous at p if and only if lim,,, f(z) = f(p).

greF p € E\E'o|H, & p7} isolated point of EO]H pof A o] =2 ol x| eFx|ut, A 9]
o &l f= pollA T4 AEYUTLE o] AHLES A5 FH, Theorem 1.22FE continuity 2}
sequence®] %31 9] PAE A5

Theorem 1.6. 3+ f : E

N

X = Yo 4 p € Eof tisto] th=2 54,
(a) f is continuous at p.

(b) Sequence (p,) in E7} lim, p, = p& WZo1H lim, f(p,) = f(p).
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Definition 1.7. f: X =Y (7|4 X, Y= 19 AghHol tiste, f(A) = {f(x) €Y :x € A}
£ image(&) of A C X under f2}1 511, f~1(B) ={z € X : f(z) € B}Z preimage(g4})
of BCY under fz}til gict

Theorem 1.8. f: F C X — Y| tjs}o] t}22 5 x].

(a) f is continuous on E.

(b) B C Y7} open in YO|H f~!(B)x open in E.

(¢) BC Y7} closed in YOo|H f~}(B)& closed in E.
open set2] preimage”} open set¢l g’ o]t}

Proof. (a)=(b): B C Y7} openol2fal otz 910]9] © € f~H(B)oll tal], ¢ > 00] EAfs}o]
N (f(x)) € Bolt}. f7} continuous at z0]|22 § > 07} £ 5to] f(Ns(zo) N E) C N(f(x))
ofth. AC fH(f(A) AL o8t (e 1h71Y),

Ns(zo) N E C f7H(f(Ns(zo) N E)) 0 f~HN(f(2))) € fF7H(B)



oltt. watA] f~1(B) is open in E.
(b)=(a): x € E2tal 5taL, 42l9] e > 0°f thsl] N.(f(z))= open in YOI

B2 fTHN(f(2)))
%= open in EOJth. whehA ¢ > 07F ZAISE Ny(z) N E C f~H(Ne(f(2)))elL, f ( 5(x

(f
)ﬂ)

FUFYUN(f(2))) € Ne(f(x))olth. whabA] f is continous at z. = ¢19]o] HolgloB & f is
continuous on F.
(b)&(c): ASEAZE FA. ]

Corollary 1.9. f: X =Y, g:Y — Z7} A&0|H go f: X — Z& dALo]t},
Proof. Open set U C Zo] t5}o], g7} A&0]|2g2 ¢ (U) C Y& open. f7} A&0]|EE (go

HTHU) = f(g7'(U)) € X= open. O

1.2 Continuity and Compactness
Section 1.29] £33+ A= |44yt
Theorem 1.10. A& f: X — Yof tisto] X7} compacto]H f(X)E compact.

Proof. {U;}ier7} f(X) 2] open covergtal 52 Theorem 1.89] 23] ZF f~1(U;)+= open in X 0] 11
webA {f71(U;) }ier = open cover of X. X7} compact©] B2 finite subcover {f~1(U;)}izi, . s
o] ZATTH wetA

F0O = (U w)) = U ro ) < Y v
k=1 k=1 k=1
olB 2 {U;}ier9 finite subcoverg 2ottt O

olA] A A E= At WY AY
Corollary 1.11 (X227 =]). [ : [a,0] - R7} AZ0H f= [a,0]1A] AR 23ts
A
Proof. la,b] C R& compacto] 22, Theorem 1.109] &3} f([a,b]) € RXE compact©]il wahA]

bounded and closedo]t}. R] bounded and closed subset< X H|=3hS 7HA| 22 (9
O-78) 594 & u



W} 7 gAY TS e 35S 0L AHsge ] 37 A4 @ 2
=2 ER5U AR of 7]of| o] 27|72 oS TR F=A A 3 ,

limit point, compactness, Heine-Borel ... —& AZIS|HH A2 gjotst Aol Adych e
L7 A ol Ak Fue o w2 Ady e

H
AEPSY ASE AETS 7EA? Yoo} 2 thFolT A S50 SAAN

Example. {0} U (1,2]°A f& o2 Zo] Aoty

T

r—1, ifl<az <2
flz) =
0, ifxr=20

AL0] 17 (02 AolH 9] isolated pointo| B g2 A L) fi= injectivelo| B2 1

=

r+1, if0<ze<1

() =
0, if x =
12 fe [0, oA o] byt
A e]ofo] compacte] ATkAF A&3HE 1 ARHE A& TS

Theorem 1.12. Bijection f : X — Y7} XoJA] ¢1&0o]1 X o] compacte|®d f~1:Y —» X&
Aol

Proof. Theorem 1.89] 2]5}oq, open set U C X o tsto] f(U) C Y7} open?] & Ho|H Hrt.

U is open in X. = X\U is closed in X.
— X\U is compact.
= f(X\U) =Y\f(U) is closed in Y.

— f(U) is open in Y.

linjection = GALH =
and surjection = ATAIGHE = oaltﬂgtﬂ%-
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1.3 Continuity and Connectedness
Section 139] Z8¢ A= AIgAH AL
Lemma 1.13. £ C X9 to}o] tf3-2 FX].
(a) S is not connected.
(b) There exists a surjective continuous function f: S — {0,1} C R.

Proof. U,V 7} S9] separation®]2}al 5}A}.

0, ifxelU
flz) =
1, ifxeV

2 Aojald, f= WAL A&t ooz Tejet f7h 2B o,
(b, V=

2 A5 U, VE 59| separationo]th. O
Theorem 1.14. A& f: X — Yof tjsto] X7} connected©|™H f(X)E connected.

Proof. f(X)7} connected7} otyztal 7}A5HH, Lemma 1.139] 9J8f] AAF A9 g f(X) —
{0,1} € Ro|] &Rt} whatA go f: X — {0,1} = HAAF A&5E<0|2 2 X = not connected.

]
Corollary 1.15 (A}13 *Xéﬂl) [0 B I 0) £ J00IR S04 509 el
Qlo)o] A% kel okl f(c) = k9l ¢ € (a,b)7F ZARCE
Proof. f([a,b]) € RO| connected®] 1L, RE] conencted set-> -7Fo]|HL&. .. O
AFolFAE (3 221) ZHPS U
Connectedness®] % 9= ‘separation®] £A|5}A] =P o]|B 2, A oJutS o] 85te] ojH 3
] connected $& ol AL o]2kg T} WU Theorem 1148 o] &5 ojwl U S

rEL

of thste] ThE connected set(d]l: RS F7tol| A S& 7= AAL A&3h4qt oW Hy )
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Example. RV 9] & 3 z,yo| tfs}e], line segment (H&) [z,y]5
[z,y] = {(1 =)z +ty e RN : t € [0,1]}
2 Aolot, [0,1]ellA] | HAF A3

f:00,1] = [z, 9]
t (1—t)z +ty

7} EA5I B2 [z, y]+= connected.

Theorem 1.149] =93t A3} shE AFSHL Section 1.3 upRa|sHASULE &5 f -
X — Xof tiste] f(z) = 29l » € XE fixed point(2AF) of 2}l Ut} Fixed point 2]
EAN L Zate] 7t BopolH A% AFEREE, X = [0, € RoJTL f7} 945 1 fixed point]
=z
T

— = —
ENE A 5 g

Corollary 1.16. f:[a,b] C R — [a,b] C Ro] A& Y wff, f+= fixed pointE 7} T}

Proof. g(z) =z — f(x)2 A 2|5},
ga) =a— f(a) <0< b— f(b) = g(b)
olm & Apslzk Aejell oal g(c) = ¢ — f(c) = 0 ¢ € [a, b7} et =

1.4 Uniform Continuity

N

it

oA A-Setunt njAE ot M= e & 4 gl ® =2 7'E Q] uniform continuity & 7 2]}

Definition 1.17. Metric space® X, Y o] tfsto] $+<~ f : X — Y7} uniformly continuous(al
E9%) on Xeh= 22, 499 € > 00f tisto] &F4= 0 > 00] EAst]

dx(r,y) <0 == dy(f(z),f(y)) <€ (z,y € X) (1)

20 A4t 2e) Aelo] o] % 8 e,




£ U=k Aol

Remark. ‘o] $+=7} continuous on X’9] A o]= 7} ZF v € X o)A continuous?l Z¢JUt}.
= continuity= 7|22 0 72 7} A o] ZHFof| A Q] localst A& AUt 1Y uniform continuity
= Aol HAE controld 4 U= § > 02 Q5= globalst A JUTH? A ‘f7tr e X

of| 4] uniform continuouss}t} 2= 22 7 Z}A| 2 non-sense.

Proposition 1.18. f: X — Y7} uniformly continuous on X ©]™ continuous on X.

Proof. ¢ > 0] ti5te] (1) W5z 6 > 05 etk 2o € Xofl giste],
y € X, dx(z,y) <6 —dy(f(z), f(Y)) <e

o|B 2 fX= continuous at x. x € X+= ¢4 2]9] Ho]E & f continuous on X. O

Example.

(a) f:R—>RE f(xr) =22 A5}, f is not uniformly continuous on R.
71 Ao of A uniformly continuousztil 7} 5}H,

x,yGR,]m—yl<5:>‘x2—y2}<1

ol § > 0o] ZAIgTH 1]

2 0
!$2—y2\=!ﬂ3+y“$—y\25x§:1

ojng Hs

(b) 19d (a)9] fo] oY= [0,1]2 AGHAIZIHA f is uniformly continuous on [0, 1].

32:8t0] 4] uniformo]2He ol W ol 5 HAE controld 4 Q= oW ThAte] ZA4Z ojnlghiTh



e > 0] Thstel § = ¢/242 A olsh
ryeR |z —yl<i= ‘xz—y2|:\x+y\ lr —y| <20 =e.

= uniform continuity+= %4 2] <¢o]| o]Z&3tt}.

f: X — Y7} uniformly continuous on X FEZ7A & 7}

il

4

=
2
i
+

Proposition 1.19. f: X — Yo t}js}o]
dY(f(x)7f(y)> Sde(fL‘,y) (:E7y€X)

E W=Eol= M > 00] £A6FH f is uniformly continuous on X.

Proof. ¢ > 09] Tate] § = /MO Holat (1) =gt 0

Corollary 1.20. f: R — Ro| u]E27}1535115 |f/| < Ml M > 00] £} f is uniformly

continuous on R.

Proof. ¥tk 73zl 2|5
[f(@) = f)l < Mz -yl (2,y € X)

o]B 2, Proposition 1.199] 2]3}. O

(0]
R
i
2
>
xS,
)

& 7] compact seto] oJH oJm|of A finite set 2] ARFe}2al S 2

=

o Fuch
Theorem 1.21. f : X — Y7} A&8H0]11 X7} compact©]™ f is uniformly continuous on

X.

Proof. € > 00] FR T 313, 2} x € X ot}

dx(z,y) < 0(x) = dy(f(2), f(y)) <€/2, (y€X)

4811 0] 29] AH= Corollary 1.20 1.
Sol 22 o) RelokAl kAR .



Ql 4(x) > 02 Zr=thH(0(x)= zoll YEdth= %), OlA {Ns@)2(x) }oex= open cover of X O]
B2 finite subcover {Njw)/2(2)omar,..z, 01 ST OJA] 0 = min{d(z1)/2,...,0(z,)/2} =
519k (6] AU Hol

z,y € Xo|| U5t dx(z,y) < o2t 7FASEA WA 6 = min{d(x1)/2,...,6(x,)/2}7} open
cover®| B2 = € N,y 2(x;)Q] @ =1,...,no] 2|3t} mhetA]

.....

dX(y,l'i> < dx<y,$) + dx<l',l'l) <0+

o|EZ (1.4)] 23]

€

Ay (f(2), F()) < dv (F(@), fl@) +dy (f(y), f() < 5+ 5 = e

U

b

Uniform continuity 2] £-& #-& Cauchy sequencesS HES|FrH= AUt dutbzel o

St Cauchy sequenceEd HES|Frhy HAS 4= gl&5Ytt

Example. f: (0,1] = RE f(z) = 1/22 I3 p, = 1/nole} 5P p, — 09122 (p,)E
Cauchy o] 29t (f(py))S 4o E R not Cauchy.

Theorem 1.22. f: X — Y7} uniformly continuous on X ©]il (p,)¢] Cauchy sequence in X
o]HA (f(p,))E Cauchy sequence.

Proof. € > 0°] tfote] (1)& FHEdh= 6 > 02 FAl,

m,n > N = dx(pm,pn) <0

m,n > N = dx(f(pm), f(pn)) <€

olB2 (f(pn))2 Cauchy. O

A&eS [ EC X = Vel giste] g X — Y7 A&0]il g|p = fO]H g continuous

extension of f2}1l gyttt HE ALS7T continuous extensions 7HA| = Z1-2 of'd Ut}

10



Example.

(a) (0,194 Aol= gz — 1/22 [0, 1] 4 2] continuous extension©] £AY5}2] k<51 T}
(0ol M 9] gta ol AL sk =d%o|BR).

(b) (0,1]o|A AoH &4 = +— sin(1/x)2 [0, 1]o] 44| continuous extension®| EA{SHA] OF
FUTH0IA O] = ofH Ao g s ZAL0|ER).

Corollary 1.23. Complete metric space Yo ts}o] f: E C X — Y O] uniformly continuous
on E©°]™ continuous extension ¢ : £ C X — Y7} ZAgtc}.

Proof. E2] limit pointo]A2] ¢2] Zk& A AsFHA =} 2y € X7} £ limit pointo]gt1l s}
Zb. 18 2002 $H3H= sequence (r,) in E\{xo}o] EAt. 189 (z,)2 Cauchyo]il,
1.229] 9J&}| (f(x,))&E Cauchyo]t}. Y7} completeo] 22 f(x,) — « for some a € Y o[t}. o]A|
g(z0) = 0 BT}

o] A 9]9] well-definednesss &<2I5t7] 9515, (2/)0] 2o=2 FTHSI= sequence in E {zy}2t1l

Skat. upbzA] o] G2 f(a)) — B for some 3 € Yo|t} o|A a = 8¢ AL HolH Hr}.

lim sup dx (@, z},) < limsup(dx (z,, xo) + dx (2}, x0)) =0

n n

O|BZ dx(zy, ;) — 00|t} oA € > 09 Hj5to] (1)& WEdh= 6 > 0=

rr
e

—-]_17
n> Ny = dx(z,,2)) <§ = dy(f(z,), f(z])) <€

n

n > Ny = dy(f(z,),a) <e

n > N3 = dy(f(z),),8) <e
-—% E’_é—(——)']'_E% XH]—_:I_,_ N = maX{Nl,NQ, Ng}gi E—’:l-Eﬂ

dy(Ck

=

) <dy (o, f(on)) +dy (f(zn), f(2y)) +dy (f(2n), ) < e +ede=3e

Sofe] 7] M5 A FolA] THE ShHE ol 8a4 MRe AL FORE A%, BES ThE Ao WS
Holrt ZeAg shelsof g,

11



oltt. e > 02 | FFOIBR dy(a, 8) = 0°]2L a = fot}.

oAl g: EC X — VO] A&AS Hol=tl, £ limit pointof thaAgF HolH Hk(ef 13
7). f1ellA el ui7EA 2 2o0] £9] limit point@hil Stal, g(zo) = a@til SHAL ¥ € > 09
tiste]

dx(w,y) <0 = dy(f(@).fW) < 5 (v.y€X)

S WESHE ¢ > 02 et 289 FAfor v € F, dx(z,70) < /2 = dy(g(x),a) < e.
Ty, v € EO|BR 15,20 & $H5H= F Qo] 54 (p n) (qn) o] AT T Ao oo f(pn) —
aolt}. TreF x € E'o)H A olof 93] f(g,) — g(x)0]al, x € E\E'©]H 2+ isolated pointo] 22
= z for sufficiently largle no|t}. wahA o] 7§ —E f(qn) — g(x)o|tt.
n > M; = dx(pp, xo) < %,

n > My = dy(f(pn),a) < g

!

n > M; = dx(qn,x) < 3~ dx(z, o)

n > My = dy(f(qn), 9(z)) <

Wl ™

RV My, M, M3, My 22 =t o] F 2[9igta Molzt st

dy (9(x), ) < dy(g(z), flam)) + dy (f(am), f(pm)) + dy (f(pmr), @)

12



Definition 1.24. f: (a,b) - Re a < zy < b,a € RU {*o0}°] tjs}

lim f(z) = lim f(z) = f(zo+) =

T—zo+ \(To

LA 1o STBRE (10,0) 1] U] 24 (2,)o] O] f(x,) > aeh Aole}. oln] g
£ right-handed limit($33g}) of f as © — xo+2t1l gttt
a < xg < bo] tfiste] left-handed limit(F=FF) lim, ., f(2) = lim, -, f(z) = f(zo—) = ¢
= a2 A el

Example. Z}=2gto|u} ¢-=3to] EAJ5IA] ¢h= eh49f A dYtt. [0, 1]oflA]

1, ifze@Q
fm{

0, otherwise

ohe AR

Proposition 1.25. f: (a,b) — R9} a < xy < b, € R 5} t}2-& 54].

rlo
o
2
HL
i
e
30,
o>
aw
&
o|N
o,
o
it

(a) flzot) =
(b) ¥e]ef € > 0of thsto] 6 > 00] EA}]

ro<r<zo+0=|f(zr)—a|<e (z€(a,b))

2 BEd
3] S vlT T o 4 olek

Corollary 1.26. f: (a,b) - R} a < 25 < b, € Ro]| t]j5}9]

f(xot) = f(zo—) =a < lim f(z) =

T—T0

Definition 1.27. f : (a,b) — R©| monotonically increasing(@=x37}) on (a,b)2t= 22
a<x<y<b= f(z) < f(y)h= Aolt}. uA|9} BRE=35 o] HEES HIHo] monotoni-

13



cally decreasing(GFZZ4A) on (a,b)= A2t A 2| H ol 4 montonically increasing©] A1}

monotonic decreasingQ] 5 monotonic function(GZg4)2tal Shet.

Theorem 1.28. f : (a,b) — RO| (a,b)of|A] ©ZZF7}51H tf-20] AH

rol

o}

flz+) =inf{f(t):t € (z,b)}, a<z<b

flz—) =sup{f(t):t € (a,2)}, a<xz<b

Proof. a < x < boll 5} a = inf{f(t) : ¢t € (z,b)}=2al S}A}.

(a) a <z < b9l 79 o] BRoll= a > —oc0o]B=, 91219 ¢ > 00 tal] f(ty) < o + €l
to € (2, 0)7F EAATE oAz <t <tp = a < f(t) < f(ty) < a + €O]|BR f(z+) = «
ol

(b) = =al 73 TeF a > —o0O| |, (a)e} vP7A 2 A2 4= Q). TheF o = —o0o| |
doje] M < 00f] sl f(to) < MQl ty € (a,0)7F EARITE ©|A a < 2 <ty = f(x) <
f(to) < Mo]B= f(a+) = —oco|tt.

flz—)9] Aex npxirtx 2 Zsict.

O

Corollary 1.29. f : (a,b) — RO| (a,0)014 B2Z761% a < 2 < y < bo] tiaf o]

e

Y AElE olgstd dxero] EA5H e s dAT & Asyrh (0,100 AelE

2~
T

o

1, ifzeQ
flx) =
0, otherwise
Aol BE Aol A Ba%o|nR BA%HY Fge] uncountablegi Ut 18] BxF
50] 7% BA%H0] AFE countableq & THE HEAFE Fol| & 4 gt



Corollary 1.30. @23 f: (a,b) — RO EAE5H Q] A2 at most countable.

Proof. 7} ©@Z2Z71g<2tal 5kAL o € (a,b)°] thole] f is continuous at x if and only if
fla=) = fla+)olBR, [o] BEALH O AFS DAL St D = {z € (@ b) : fla—) < fla+)}
oIt} o7 7w € Dol thato] 77 (f(v-), f(z+) N Q2] P r, & G 4 ok wabA
r e r,2 AYH & r 0 D — QX injective (] 1A} Qﬂ- Countableo]‘ji D+ at

most countable. ]

TGxZ710 HooA, v <y = f(z) < f(y)E v <y= f(v) < f(y)2 HFH (strictly)
increasing function(F7}Fg4) 2] A o7l HYtt. (Strictly) decreasing function(Z4Ag
)% wharbA R gelgh,

ool A A 2] o] compact?l continuous bijection 1 G4 A5US A=, F9

o] 77H] Z7} A& Bl 74 ASRSE AT} Al
Theorem 1.31. 73+ Io|A A YJH f: I — Re| tisto] th52 &4
(a) f is injective.

(b) f is strictly increasing on I or strictly decreasing on I.

r<y, [fl@)>fly), z<w,  [(z)<flw)

Ay, z,we I7FEAR}T. fly) < f(2), fly) = (2), f(y) > f(2) Al 7FA] B¢ BFE HES|
HH ol Aok ARSIt Aol oJsl] f7F injectiveZ} & 4 it

olA| f7F F¥RtAL ok, f71 : f(I) — I7F AEAE HATh gy € f(I)oll tiote] a0 =
FHyo)2tal SkAF. 42]9) € > 09 il € = min{e, 29 — a,b — x} & =11,

§ =min{f(zo+€) —yo,y0 — f(zo—€)} >0
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